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Abstract 

In this article one will develop a so-called hyperboloidal foliation method, which is an en- 

fvj ' ergy method based on a foliation of space-time into hyperboloidal hypersurfaces. This method 

permits to treat the wave equations and the Klein-Gordon equations in the same framework 

so that one can apply it to the coupled systems of wave and Klein-Gordon equations. As 

Mh I an application, one will establish the global-in-time existence of small amplitude solution to 

■^r ■ the coupled wave and Klei-Gordon equations with quadratic nonlinearity in four space-time 

dimensions under certain conditions. Compared with those introduced by S. Katayama, the 

conditions imposed in this article permit to include some important nonlinear terms. All of 

Cu . these suggests that this method may be a more natural way of regarding the wave operator. 
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1 Introduction 

One will consider Cauchy problems associated to a class of coupled nonlinear wave and Klein- 
Gordon equations. The following is a prototype: 



(1.1) 



f Du = N{du, du) + Qi{du, dv) + Q2{,dv, dv), 
Dd + t; = Qz{du, du) + Qi[du, dv) + Q^idv, dv), 
u{B + l,x) ~ euQ, v{B + 1,2;) — evq, 

^ dtu{B + l,x) — eui, dtv{B + l,x) — evi. 



Here Ui and Vi are regular functions supported on disc \x\ < B. iV(-, •)isa standard null quadratic 
form and Qi{-, ■) are arbitrary quadratic forms. 

The method introduced in this article is a type of commuting vector field approach. With this 
techniques s. Klainerman has firstly established the global-in-time existence of regular solution to 
nonlinear wave equations with null condition, (see [1] details). The idea of this method also works 
when dealing with the nonlinear Klein-Gordon equations with quadratic nonlinearity (see [5] for 
details). But when one attempts to try this idea on coupled system of wave and Klein-Gordon 
equations, one will face some difficulties. The main difficulty is that, one of the conformal Killing 
vector field of the wave equation, the scaling vector field S :^ tdt + rdr is not a conformal Killing 
vector field of Klein-Gordon equation, so that S can not be used any longer. One may call this 
"the difiiculty of 5"' . 

In 3 , S. Katayama has established the global-in-time existence of regular solution to (jl.ip . 
To overcome "the difficulty of S"' , Katayama has used an other version of Sobolev type estimate 
for replacing the classical Klainerman-Sobolev inequality, and an technical L°° — L°° estimates. 

The main result of this article (see section |31) will improve part of the result of [5]. The method 
is not a generalization of the techniques introduced in f^ but a new type of energy method based on 
a foliation of space-time into hyperboloidal hypersurfaces. As far as the author is concerned, this 
foliation first appears in [2], where L. Hormander has developed an "alternative energy method" 
for dealing the global existence of quasilinear Klein-Gordon equation. His observation is as follows. 
Consider the following Cauchy problem associated to the linear Klein-Gordon equation in M"+^ 

I D" + a^u = /, 
(1.2) < 

]u{B + l,x) — uo, ut{B + l,x) = ui, 

where uq, mi are regular functions supported on {(B -I- l,x) : |x| < B} and / is also a regular 
function supported on 

A':={{t,x):\x\<t~l}, 

with a,B > two fixed positive constants. By the Huygens' principle, the regular solution of (|1.2I) 
is supported in 

A' n{t> B + 1}. 

One denotes by: 

Ht ■■= {(i, x) -.t^ ~x^ ^T'^,t> 0} 

and 



Gb+1 = A' n {(t, x) : Vt^ - x^ >B + 1}, 
one can develop a hyperboloidal foliation of Gb+i, which is 

G2B =Htx[B + 1, oo). 

Then, taking dfU as multiplier, the standard procedure of energy estimate leads one to the following 
energy inequality 



E^{T,u)^/^<E^{B + l,u)^/^+ [ ds( f 



T / p \ 1/2 

B + 1 \JHt 



where 



E^{T, u):= J2 {{x'lt)dtu + d,uf + {{T/t)dtuf + {a/2)u' dx. 



'^T 1 = 1 

Then, Hormander has developed a Sobolev type estimate, see the lemma 7.6.1 of [2. Combmed 
with the energy estimate, he has managed to establish the decay estimate: 



supi"/2|^| < V EmiHr, Z'u)'/^ < E^m{HB+i, Z'ufl'' + f dsf f Z' f 

Ht |,|< Jb + 1 \Jh^ 



1/2 



where mo is the smallest integer bigger the n/2. 

But in the proof of [2], it seems that the only used term of the energy Em{HT, u) is the last 
term u^. The first two terms seem to be omitted, at least when doing decay estimates. The new 
observation in this article is that the first two terms of the energy can also be used for estimating 
some important derivatives of the solution. This leads one to the possibility of applying this 
method on the case where a — 0, which is the wave equation, so that the wave equations and 
the Klein-Gordon equations can be treated in the same framework. This is the key of dealing the 
coupled wave and Klein-Gordon equations, and one may call it hyperboloidal foliation method. 

Here is the structure of this article. In section [21 one will introduce the basic theory of 
hyperboloidal foliation method including the energy estimates, the estimates on commutators and 
the decay estimates. For the convenience of proof, a new frame, the so-called "one frame" will be 
introduced to replace the classical "null frame". The main result will be stated in section [31 In 
this article one will not cite any technical result. All tools used will be established in section [21 

2 Preliminaries 

2.1 Notation 

First, one makes the following important conventions of index. The Latin index a, b, c denote one 
of the positive integers 1,2,3. The Greek index a, [3, 7 denote one of the integers 0,1,2, 3. The 
Einstein's summation will be used. But to avoid possible confusion, the dummy index will be 
printed in red. 

One denotes by Ht the hyperboloid {{t,x) : t^ — \x\^ — T'^,t > 0} with its hyperbolic radius 
equals to T. A' denotes the cone {{t,x) : |x| < t — 1}. One denotes by Ss+i the region {{t,x) : 

B + l<t'^ -x'^ < T^}. Notice that in the region A' n {|x| < t/2}, t < ^T. 
One introduces the following vector fields: 







Ha 


-x'^dt + tda, 








da- 


= t-^Ha = {xyt)dt 


+ da 


One 


sets ^ I 


i family of vector fields consists of Za, where 








Za '■— da, 





^3+a 



H„ 



One notices that for any Z, Z' e 3f, 

(2.1) [Z,z']e2f, 

which means iF forms a Lie algebra. For a general multi- index /, denote hy Z^ a. \I\ — th order 
derivatives 

Z := Zi^--- Zj.... 



2.2 Energy estimates 

One considers the following differential system: 

Here G^" and -Fi are regular functions supported in A'. WiQ^wn are regular functions supported 
on Hb+1 n A'. To guarantee the hyperbolicity, one supposes that 

Di are constants. Di = with 1 < i < jo and Di > a > when jo + 1 < i < jo + fco —'■ ^o- 
One introduces the following "standard" energy on hyperboloid Ht- 

EmiT, w,) := f (\dtw,\^ + J2 Idaw^l'' + {2x" /t)dtw^daw, + 2{D,u)Adx, 

(2.4) = / 2{D,w,f + Y, l^aw.p + {{T/t)dtw,fdx, 

J Ht a 

-^ Ht a a 

And the "curved" energy associated to the principal part of ()2.2p : 

(2.5) EGis,w,):^E^{s,w,) + 2 f {dtW^d,iWjG'^'') ■ {l^-x"- /t)dx - f {d„w,dpw,Gl'"')dx, 

here the second term on the right-hand-side is the Euclidian inner product of the vector 
{dtWidfjWjGl'^' ) and the vector (1, ~x^/t). 

Remark 2.1. From the structure of the strand energy on hyperboloid, one sees that the L^ norm 
of daW and {T/s)daW are controlled directly. These are (relatively) good derivatives. In general 
they enjoy better decay than daW. Notice that 

Y^ uj" {{r/t)da + uj''dt)w = t-^Sw. 

a 

So the derivative t~^S is also good. But in this article it will not be used. 

Then in general the following result holds: 

Lemma 2.2 (Energy estimates). Let {wi} be regular solution of (12. 2p . If the following estimates 
hold: 

(2.6) ^£;™(s,w;.) < 3^^0(5,^0, 



(2.7) 



/ - f daGl°''^dtWidi3Wj - -dtGl°''^daW^di3Wj j dx 



< M{s)E„,{s,w,)^^\ 



(2.8) ( / \F^fdx] ds<L,{s). 

Then the following energy estimate hold: 

1/2 / \ 1/2 






Remark 2.3. In general the initial data is imposed on a plan rather than on a hyperboloid. But 
in Appendix A one will see that E„i{B + l,Wi) is controlled by the H^{M.^) norm of the initial data 
given on {B + 1} x M.^ . 

Proof. Under the assumptions (|2.3p . taking dtWi as multiplier, the standard energy estimate pro- 
cedure gives 



^ ( 2 ^* X! (^""'O + X! ^" {daw.dtwi) + da {G{"'^dtw^d,jWj) - -dt {G{"'^daWid,3Wj] 

i ^ a a 

= ^ dtWiFi + ^ I daGl"'^dtWid,3Wj - -dtGl°"^daW,d,3Wj 



2 
Then integrate in the region 9^ 1 1 and use the Stokes formulae, 

]^Y,{Eg{s,w,)-Eg{B + \,w,)) 

i 

= / dtWiFidx + X! / daGl"'^dtWidi3W-j - -dtGl"'^ daWidiiWj dx, 

= / {T/t)dT / dtWiFidx + V" / {T/t)dT / daG^"'^ dtWid,3W, - -dtGj'^'^daWidpWj dx, 

JB+l Jh^ ■ JB + l JHr ^ 

which leads to 

-^ ^ Eg{s, w,)^2Y, [ {s/t)d^Gl""dtW,d^w, - {s/2t)dtGl"^daW,d0Wj dx 



+ 2 / {s/t)dtw,F,dx. 



So one gets 

/ \^^^ d f 

[Y,Eg{s,w,)\ -(J2Eg{s,w,) 

^ i ' ^ i 

/ r \ 1/2 

^E / l^'l'^^ E,n{s,w,y/^ + M{s)Y,E„,{s,w,y/^ 

f v^ { \^/^ 



d /_ Xl/2 






which leads to 

ds 
By integrating on the interval [-B + 1, s], the lemma is proved. D 

2.3 Commutators 

In this subsection one will establish the very important results of commutators. Firstly, because 
Za are Killing vector fields of D, the following commutative relations hold: 

[9„, □] = 0, \Ba, □] = 0. 



The commutative relations between Ha and db are 

x''- 
(2.9) Hadb = dbHa - —da. 

The commutative relations between dp and Ha are: 

.2 ^0) Hadb = dbHa - s^dt, 

Hadt = dtHa -da- 

The commutative relations between Hj and {T/t)da are 

-ffa ( — 9t?i ) = -y ( ^a" + -r^t" ) + —dt{Hau), 
ijj -4«j = -y U?9t7/ + — 9,^i j + jdtiHau). 

The commutative relations between da and 9a are: 

dbda^dadb + S^t-^dt, 

(2.12) _ _ _ a-a 

9t5a = SaSt -t ^-r^t- 

The commutative relations between da and {T /t)da are: 

^ 9t((r/i)a„) = {Tit)dadt - t-\T/t)da, 

da{{T/t)da) = {T/t)dada - {x^ /T^){T / t)da. 

One also needs the following commutative relations between Ha and dadp: 

Hadbdc = dbdcHa - S^dtdc - S^dtdb, 

(2.14) Hadtdb = ata,i7„ - dtdb - <5^a«, 

i/^att = atti/a - 2a„. 

In general, one has the following estimates: 

Lemma 2.4. For any regular function u supported in A', the following estimates hold 

\z\{T/t)dau)\<\{T/t)daZ^u\+C{n,\I\) Y, \{T/t)dfiZ-U\, 

(2.15) ^''■^'<''' 

\{Tlt)Z^dau\<\{Tlt)daZ^u\+C{n,\I\) ^ \{T/t)d[iZ-\\, 

P,\J\<\i\ 



(2.16) |Z-faau| < |aaZ^u|+C(n,|/|) Y^ \dbZ-'u\+C{n,\I\) ^ |(T/i)90Z"w| 



b.\J\<\I\ /3,|J|<|/| 



(2.17) \Z^daiiu\<\dafiZ'u\+C{n,\I\) ^ |a^yZ'\ 



7rT 

UKI-f 



{2.1S) \[Z',dadp]u\ + \[Z',dadb]u\<C{n,I) ^ la^a^Z'^wl +C(n, |/|)i-i ^ |9a/i^^u| 



IJI<I/I-1 IJ<l-fl-l 



Proof. To prove (|2.15p . one needs the following identities: 

dt{xyt) = -t-\xyt), 
(2.19) db{xyt)^t-^si 

H,{r^) = -t-\x'/t), 
dt{t-') = -t-H-\ 

Notice that in the cone A', x"' /t and t^^ are bounded functions. Now one claims that: 

Z\T/t)daU= {T/t)daZ'u + A{I,a)''{T/t)daZ-^u + B{I,aY^{x''/t)d„Z\ 
(2-20) + J2 C{I,ay-l,t-^^{T/t)d,,Z\, 

m.<\J\ 

where A{I,a)", B{I,a)" and C{I,a)'^ are constants depending on I,a,a,m. When |/| = 1, by 
(I^TD) and dini), 

Z^{T/t)daU^A{i,a)"{T/t)dcU + B{i,a)';;{x''/t)daU + C{i,ay^r\T/t)daU, 



where i — 0,1,- ■ -7. Suppose that (|2.20l) holds for all multi-index |/'| < N, Then for any multi- 
index |/| = TV -1-1, 

Z'iT/t)daU 

= Z''Z'\T/t)daU 

= Z'' ({T/t)daZ'u + A{I,a)"{T/t)dc,Z-^u + B{I,a)'^,{x''/t)dc,Z-^i 
+ Z'^( Y, CiI,a):j-"'{T/t)d,_,Z-'u\ 

^m<|,7| ^ 



here /i represents the first component of /. Then by (|2.19l) , One concludes that (|2.20l) holds for 
any 1^1 < .^ + 1. Then by induction on concludes that the first estimate in (J2.15D holds. 

The rest part of the lemma is proved in the same way. One omits the details. D 



2.4 Frames and Null conditions 

In this part one will introduce a so-called "one frame", denoted by {d^}- This one frame will take 
the place of the classical "null frame" . Define 

^0 := dt, d^ := da- 

The transition matrix between one frame and the natural frame is 



where 



Its inverse is 



so that 



$ := 



* 



( 1 0^ 

x'^/t 10 

x^/t 1 

\ x^/t 1/ 

/ 1 0\ 

-x^/t 10 

-x'^/t 1 

\ -x^/t 1/ 



Remark 2.5. One notices that compared with the classical null frame, the norm of the only "had" 
direction 9q is \, while the only "had" direction L^ in the null frame is a null vector. That is the 
reason why one calls it "one-frame". The advantage of this one frame, compared with the classical 
null frame is that the components of the transition matrix are always regular in the cone A'. 

One may write a two tensor T under one frame or under the natural frame: 

'J^T"^dadp=T''^d^d0, 

where T"'^^ represent its components under one frame. In general one has the following estimates: 
Lemma 2.6. For general two tensor 7, in the region A' 

I — I Z-^ I I 

a'. 13' 
l-f'l<l^ 

Proof. One notices that in A', |9Q<i>l| < 1. The proof is just a calculation. D 

Any two-order differential operator T"'^9„9^, can also be written under this one- frame. 

(2.21) T^i'd^dpu = T^^d^d^u - T"^(9„<I>;^>^,u. 
Especially for the wave operator, one has the following expression: 

Simple calculation gives nf^ = T"^ jt^ ^ so one gets the following important identity: 

(2.22) {T/tfdj^dj^u = Uu- nf''dj^d,,u - rrf%^doU - rrf^d^t,u + m"^ {d^^^p)dp,u, 

here m^" = x" /t, nf'' = 6^ and 

|a„$f|<Ci, in A'. 

So one concludes by the following lemma 

Lemma 2.7. Let u he a regular function supported in A'. Then 

{Tltf\d^^dQu\ < \Du\ + 2^\d^d^u\ + Ct-^J2\^P^\- 

a..p 13 

Proof. This is a direct result of (p:^ and (j^l^ . D 

Now a version of the classical null conditions will be introduced. A quadratic form T"'^^^^^ is 
said to satisfy the null conditions if for any ^ e M'' such that 

a 

then 

Similarly, a cubic form A"'^'' S^a^^p^^ is said to verify the null conditions if 



Lemma 2.8. Suppose that T"^^„^^ is a quadratic form which satisfies the null conditions. If 
\T°'"\ < K, then for any multi-index, the following estimate holds in the cone A'; 

\Z^T°°\ <CK{T/tf. 

Similarly, if a cubic form ^"'^^CaC/3^7 '^^o verifies the null conditions and A"^'*' < K , then in 
the cone A', 

1^/^000 1 < cK[T/tf. 

Proof. One defines tOa — uj'^ :— x'^ /\x\ and ujq = — w" := — lu Then 

UJqOJO - ^UJa(^a = 0. 
a 

Let x(-) be a C°° function defined on (0,+oo), x(a;) = when x < 1/3 and xi^) ~ 1 when 
X > 1/2. Now consider the component T™7 

J.00 ^ y/^vi/Ovi/O 

= T^^vpo ^0 _ ^^r/t)T'^^uj„u;0 
= r"'3(vI/Ovl/0-x(r/iKc.,3). 

Taking into account the fact that when r > t/3, Z'-'lj'^ < C and Ha{r/t) = uj°-{T/t)'^. One has, 
when r > t/2, 



, ^ t X ^ ^^^Ai ^, h'^ i 



a,b ' 



When r < </2, by simple calculation, one has: 

But because in A' n {r < t/2}, t^ < ^T^, one concludes that 

|^/yOO| <cK{T/tf. 
The proof of the result on cubic forms is similar. One omits the details. D 

2.5 Decay estimates 

To turn the L^ type energy estimates into the L°° type estimates, one needs the following Sobolev 
inequality, which is introduced as lemma 7.6.1 of 2 . 

Lemma 2.9 (Sobolev-type estimate on hyperboloid) . Let p{n) be the smallest integer > n/2. Any 
C°° function defined on R-'^+" satisfies 



(2.23) supt"K(t,x)p<C(n) Y. W^'^Whim 



"^ /<|p(n)| 



where C{n) > is a constant depending only on dimension n. 

Combine this Lemma with the lemma of commutators 12.41 one gets the following results 



^Arising the index by Minkowski metric. 



Lemma 2.10. Let u be a regular function supported in A'. Then the following estimates holds 

sup|t("-2)/2y-i^^^|2^ j2 E„,iT,Z'u), 

"^ |/|<p(n) 

sup|i"/2a,uf < Y. E„,{T,Z'u), 

"^ \I\<p{n) 

sup|Au|'< ^ E^{T,Z'u). 

"^ |/|<p(n) 

Proof. One recalls the equation (|2.4p . Then it is a trivial result by lemma \TM D 

Now let us consider the homogeneous linear wave equation 

Dw = 0, w\hb+i = Wo, dtw\HB+i = wi. 

where Wi are regular functions supported on Hb+i H A'. By energy estimate lemma 12.21 the 
associated energy £'m(s, Z^w) is conserved. Then by estimates of commutators l2.4l and the sobolev 
lemma [^31 one gets 

\daw\ < C(n)i-"/2, \dc,w\ < C(n)i-"/2+iT-i. 

This is exactly the classical result. But one notices that neither the explicit expression of the 
solution nor the scaling vector field S = rdr + tdt is used. 

Now one will turn to the energy and decay estimates of the some "good" second-order deriva- 
tives, which are the derivatives such as dadaU. As we will see, these derivatives have better decay 
than that of daU or even daU. In general one has 

Lemma 2.11. Let u be a regular function supported in the region A'. The following estimates 
hold: 

sup It^'/^Tdado.uf + sup |r/2T9„9au|^ < C{n) ^ E.n,{T, Z'u), 

"^ "^ |/|<p(n)+l 



/ \Tdadau\^dx+ I \Tdadau\^dx < C ^ E,n{T,Z'u). 
Proof. Notice that 



IHt JHt |J|<;^ 



d,^da^t-'Ha, 

one gets 

\dado,u\<t-^\Hadu\. 

Then by lemma (j2.10[) one gets the first estimate. The second is a trivial result of the expression 
(EH). D 

Remark 2.12. The energy estimates and decay estimates of dgdgU will consult the wave equation 
it-self. Roughly saying, by lemma \2.7\ From here one can see that for wave equation, all the 
second-order derivatives do enjoy better decay compared with the gradient of the solution. 

At the end of this section, one gives the decay and energy estimates of the solution it-self. 

Lemma 2.13. Let u be a regular function supported in the cone A'. Then for any multi-index 

(2.24) f \t-^Z^u\^dx<C Y^ Em{s,Z-U). 

For any multi-index J, «/X]|/|<|j|+p(n) Em{s,Z^ u)^''^ < C'T^ for an e>0, then 

(2.25) \Z''u\ < CC't-''^^T^+''. 



10 



Proof. (|2.24p is proved as follows. When the operator Z^ contains one factor da, by lemma [53] 
and ((2l0l) . 

/ \{s/t)Z'u\^dx<C Yl E„i{s,Z-^u). 
When all of the factor of Z' are Ha, notice that t^^Ha^'Ba, by (|2^ 

/ \r^Z'ufdx^ f \daZ''u\^dx<C Y^ Era{s,Z^u). 
■IH, Jh, |.7|<|/|-1 

When X]|7|<| j|+p(n) Ern{s, Z'u)^^^ is bomided by C'T^, by lemma \nU[ in the cone A', 

\dru\ < C{n)t-<'''-^-'^/^{t - r)-(i-^)/2_ 
then the proof of (|2.25p is a integration along the radical direction. D 

3 Main result 

One will consider the Cauchy problem associated to the following coupled wave and Klein-Gordon 
equations with quadratic nonlinearity: 

j Dw, + Gl"'\w, dw)datiWj + D^Wi = Fi{w, dw), 
\ Wi{B + l.a;) = eWiQ, Wi{B + l,x) = ew^. 

Here 1 < i < ?^o- Di are constants. Di = for 1 < i < jo and Z?i > for jo + 1 < * < "o- 

For the convenience of proof, one makes the following conventions of index. The Latin index 

i,j,k,l denote one of the integer 1,2,3, •• • ,rio- the Latin index with a circumflex accent on it 

such as i,j, k, I denote one of the integer 1,2,3, •, jo- The Latin index with a hacek on it such as 

i,j, k, I denote one of the integer jo + 1, jo + 2, • • • , no- 
Gj"' {■,■) and Fi{-,-) are regular functions such that: 

Grf'{w,dw) = Al'^^^'^d.wk + Bf^^^wk. 

Fi{w, dw) = P"^'^^^daWjdfsWk + Q^^^WkdaWj + H'^WjiVk- 

Here Al"'^ ' ,B^ ' ,P°'^-' ,Q'^-'~,Rl are constants with absolute value bounded by K. One 
impose the following null conditions 

(3.2) j^^^^\a^pi^=B^^f^ia^p=pf^^ia^p = Q^ for any CoCo - E^-^^- = «• 

a 

One also supposes that 

(3.3) 5f '^^ = Qf^^ = Pf = P^ = 0. 

The initial data wn) and wn are supposed to be (C°°) regular functions supported on the disc 
{\x\<B + l}. 

Now one is ready to state the main theorem. 



Theorem 3.1. Suppose (|3.2p and p.3p hold. Then there exists an Eq > such that for any 
< e < So, (|3.ip has a unique global-in-time regular solution. In this case, the hyperbolic energy 
associated to the wave components is conserved. 

Y Sm(s,Z^Uj)l/2<C(£o). 
i,|/|<3 



11 



Remark 3.2. One improvement is that in JSl, the system is not allowed to contain the term 
duidtdtu-- and uid'^u-. In this article this restriction is relaxed. One only demand classical null 
conditions on these terms. 

The most important improvement is that in the proof one will used nothing technical hut only 
the tools one has prepared in section\^ 

Remark 3.3. This theorem also holds in the case where WiQ and wn are not C°° (but still 
compactly supported). This is by a standard procedure of approximation. In general one only 
demand that WiQ, wn S H^. That is because following proof consults only the derivatives of 
solution of order < 4. This is also an improvement compared with J^, where the proof consults at 
least the 19*^-orrfer derivatives. 

Remark 3.4. When uq — jo, the theorem reduced to the classical result of global existence of 
regular solution to quasilinear wave equation with null conditions, see l^ for example. One can 
check that with out the Klein- Gordon components Vi, the following proof becomes very short and 
trivial which is simpler than the classical one. Furthermore, the energy Em{s, Z mj) is conserved. 
This means the global solution is not only a "small amplitude solution" but also "small energy 
solution" . 

4 Proof of main result 

4.1 Structure of the proof 

The proof is a standard boot-strap argunient deviled into five parts. In the first part one supposes 
that in an interval [0,T*] the energy Em{s,Z^ Wi) is bounded for < s < T* . By lemma [2.101 
lemma 12.111 and lemma 12.131 one gets the decay estimates of Wj , dwj and ddwj . In part two with 
the those decay estimates, the L^ norm of some source terms will be controlled. In part three 
one gives the L^ and decay estimates of the only "bad" second-order derivative d^d^w. In part 
four, equipped with the result of part three one will give the L^ estimates of the rest source terms. 
Then with all of these preparation, one will finally establish the main result in the last part. 

4.2 Part one — Energy assumption 

Suppose that on a interval [B + 1,T*], the following energy assumptions hold with < (5 < 1/6: 
^,„(s, Z^'v^f'^ < Cies\ for j o + 1 < J < «o, < |r | < 4, 

(4.1) E„,{s,Z''u-^^'^ < Cies\ for 1 < z < jo, |/*| = 4, 
E^{s,Z'u{)^'^<Cie, for l<i<jo, |/| < 3. 

By theorem lA.il for any Ci£, one can choose e' small enough such that 

Y, E^{B + \,Z''w,f/^ <Cie, 

/•|<4 

so that by continuity, T* > B + 1. 

From (|il1) and lemma [XM the following i^ estimates hold on [B + l,r*]: 

|/|'<3 |/|"<3 

(4.2) Y. (J \{s/t)Z''d^w,\'dx) + J2 (J Iz'^d^wil'dx] <CCies\ 

/*'|<4 |/*'l<4 

Y^ f / \Z^'v-\^dx\ <CCies^ 



s 
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By lemma [^.111 one also has the following L^ estimates: 

iji , f. X 1/2 



,|/|<2 i,l-f|<2 

J2 { [ \--'Z'd^9fsUifdx] + ^ { [ \sZ^dpd^uifdx\ < CCie/ 



./3 N-'-na / a.^ 

i.|J|<3 i,l-r|<3 



The following decay estimates come from lemma [2. 101 For |J*| < 2 and \J\ < 1, 

The following decay estimates will be more often used in the proof. The first inequality is due to 
(|Ti|) and lemma [^?TU1 The second is due to (|i^ and [^?T5] The last one is due to (^1^ . 

sup \st^l'^Z-^do,u:\ + sup Y'l'^Z'^ d^u-\ < CCis, 

supflsti/^Z-^'cf^ffel) +supfk3/2|z^*a^t;j| +t3/2|Z'^''yd) < CCies\ 

(4.5) "^^ ^ "'^ ' 

sup Wl'^d^doZ-^u-\ + sup |si^/^9„9b^'^M -I < CCies^ , 

sup |st^/^a„a.u-.| + sup \st^'^^^^^,u^ < CCies, 

4.3 Part two — L^ estimates 

In this step one will give L^ type estimates of some quadratic terms which are components of the 
source terms. In general one has the following L^ estimates. 

Lemma 4.1. Let {wj} be regular solution of l\'3.1\i . Suppose that (|4.5p . (|4.2p and (|4.2p hold. Let 
A3 be any of the following terms: 

Then for any \I\ < 3, 

ff \Z^A3\^dx] <CXCis)^s 

Furthermore, ifT{t,x) is a regular function such that for any multi-index J, the following estimate 
holds in A'.- 

\zJT\<C{J){s/t), 

then for any \I\ < 4, 

(^ \z'{rd^u.d,u.)\'dxy < C{C,sfs-^/^+^'. 

Especially, for any \I\ < 3, 



1/2 

2-3/2+25 
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Proof. One begins with the estimates on A3. The proof is mainly a substitution of (14.21) . (14.31) 
and (|4.5p into the corresponding expressions. Notice that when a product of derivatives Z^ acts 
on a product of two factor, there is always one factor derived less than |/|/2 times which may 
be controlled by (j4.5|) . Then the L^ norm of the hole product can be controlled by (14.21) or (j4.3p 
when |/|/2 > p(3). One writs the proof on daV-^dpWk and d^u^d_nU~- in detail and omits the others. 
Suppose that |/| < 3. 

\ 1/2 

Z^ [daV-jdfjWk]] dx I 
Hs J 

1/2 / /• \ 1/2 

< 



J2 (f \z''d^v-Z'^dpWk\'dx) +([ \z'dav-dfiwk\''dx) 
- H [I \CCiet-^'^s\t/s)\^ ■\{s/t)Z^^di3Wk\^d:i\ 

\Il\<2 \JHs J 

+ n \z'd^v/ ■ \CCiet-^'^s-^+'\^dx\ 

1 /'} 

< ^ C{Cie)s-^^^+^( f \{s/t)Z^'dfsWk\''dx) +C{Cie)s-^^^+^( f \Z^d^v-/dx 
I/2K3 = ' ■ 



1/2 / „ ^ 1/2 





|/2|<3 






\ 


, '' tis 






/ 






\ •! 


' «s 




< 


C(Ci 


sf. 


7 '■ 


at 


'iS-^Uj) 


2 \'/' 
dx\ 




















< 


y ■ 

^ll<2 ^ 

/i+j2 = -r 


:/. 


z'^d,^ 


'-.Z'^d^u 


5. 'dxj 


1/2 / 

+ 

V 


1 


z'd^v 


ildfiU-^ 


dx 
J 


1/2 
1 






< 


Jl+/2 = -f 


:/. 


CCiet- 


-3/2/ 2 . 


(V^)' 


(s/i)Z^^9^i 


u~- dx 
^ ) 


1/2 
1 







+ CCies-^'^( I \z'd^u-/dx\ 

< J2 ( [ \CC,et~'/h-'+'\^-\is/t)Z'^d0u^/dx) \ciC,sfs-'^' 

Il+l2 = I 

<CCies-^'^+' J2 ( [ \is/t)Z'-d^u.fdx] +C(Cie)2s-3/2 

< C(Ci£)2s-3/2+5^ 

Now one turns to the estimates of ^dQU-^dgU--. This quadratic forms is composed purely by 
the "bad" derivative Oq. But with the additional decay provided by F, the L^ estimates are still 
trivial: 
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2 ''/' 

Z^(r9oWj9oU-)| dx 



^ll<2 



- J2 if \z'''TZ''d^uiZ'^daU.\^dx 



-fl+-f2 + -f3=-f 

1/2 



The estimate on Z^ F~^ will consult the L^ estimates proved. By definition, 

F. = Pf^'d^u.d,Uf^ 

The first term can be written under one-frame: 
Pf^'^dau-.dpu-^ = Pf^'^d^u-di^u-,^ 

= P^°'%u-d,uf^ + Pf'd^^d^ui^ + Pf'd^^d^u, + Pf^d^^d^i,. 
By the null conditions p.2|) and lemma [2781 

\Z\P^f^''^)\<C{I){s/tf <C{I){s/t). 

So 

' j^ \z\P^^y'd,u^^d,Uf:)\'dxY' < C{C,efs~^/'+'\ 

The rest terms of F^ have been already estimated by the estimates on A^ terms. This completes 
the proof. D 

Define 

ri'^^r) ,-)/. — n^O'^rl ,11- RJ"'^^7i-r) „7/. 

and 

This is the "good" part of G 

Lemma 4.2. Let {wi} be regular solution of (I3.ip . Suppose that (j4.5p . (J4.2D and (J4.3D /loZd. T/ien 
/or any |/| < 3, 

(f \[Gi''^d„dp,Z']Wj\^dx] < C(Ci£)25-3/2+2^ 

Proof. Notice the following decomposition: 

(4.6) [Gl'"'d^dp,Z']w, = \Gi"^'d^dp,Z']u. + \Gf"d^dp,Z']v-. 
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The second term is decomposed as following: 



l-fll>l 

^1+^2 = ^ 



Recall that 

\Z^Gf^\ < CiJ)Kj2\Z'^d^Wk\. 

fe,7 

The L^ norm of the first term in right-hand-side of (j4.7p can be estimated as follows: 

/■ / \ ^/^ 

Y, / I ^^' GV'^Z'^ a„9/3Wj I 'dx ) 

Il+l2 = I 

ir. 1 = 1 |J"ll>2 ^ ■'-ffa 

f2 = -f Il+l2 = I 

J.|7ll = l ^"'^^ 



(4.8) 



^,l3,j,\l2l>2 
Il+'2 = I 



< C(Ci£)2s-3/2+2^ 

The second term in right-hand-side of (|4.7p is estimated as follows. One notices that in the cone 
A' 






So 



J|<4 



< XC(Cie)2s-3/2+2^. 
The first term in right hand side of (14. 6p is decomposed as follows: 

The last two terms are finite linear combinations of Z^^v-^Z^^dadpUf. and Z^^ d^v-jZ^'^ dad puj. with 
I1+I2 = I and |/i| > 1. As in (|TS)) . their L^ norms on iJ^ can be estimated by C(Cie)2s~^/2-i-2<5_ 
The first term can be written under one-frame: 

(4.9) [At'''d,Uf^dad,,Z']u^ = {^''^Hdad,, Z']u^^ + [^r'^''^a^z.^(a„$f )5^,, Z^]z.. 

Recall that by null conditions p.2p and lemma 12.81 one has 

|^/^j0007fe| < c{I){s/tf. 

The first term can be controlled as follows: 

\lAt''%u,d^d,,Z%\ 
<\[£^"''doU^dodo,Z']u-^\ 
+ \[M''^'''d^Hd,dp,Z%\ + \[£r'"''d,Ui^da^,Z%\ + \[M""'%.Hd,d,,Z']u.\. 
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Then as in (IJTS)) . its L^ norm on Hs is controlled by C{Cie)'^s-^/'^+'^^ . 

To estimate the L^ norm on Hg of the last term in right-hand-side of (|4.9p . one recalls that 



from definition, |Z^9a$o I < Ci ^. Taking this into consideration and run the same method of 
(I4.8P one sees that its L^ norm on i/^ is also controlled by C{Cie)^s^^^^^^ . Then finally the 
lemma is proved when taking the assumption S < 1/6 into account. D 

Lemma 4.3. Let {wj} be regular solution of p.ip . Suppose that (I4.5p . (|4.2p anrf (|4.2p /loW. Let 
71.4 6e any of the following terms: 

Then for any \I*\ < 4, 

Especially, for any \I*\ < 4, 

Proof. The LP' estimates of the terms A^ are nearly the same of those in the proof of lemma 14.11 
One will only prove the case where A^^ = daWjd^Wk- To estimate the term consulting daV-,dpu^ 

2 \^^^ 
Z' idaV-jdpUf,) I dx I 

H, J 

1/2 / /. \ 1/2 



- J2 ( f \z'''daV-Z'^dfiU^\''dx^ + Y. { I \z'''da,vjZ'^dpu-^\^dx 

<CC\e Yl ( \t-'^^^s\t/s)\^ ■\{s/t)Z^'^d0Uj^\^dx] 

\I*\<2 \-'Hs / 

+ CCie Y (f \is/t)Z^'da,vj\'{t/s)^-\t-^/^s-^\^dx 



q+q=i' 
The terms daU~-dpUj^ are estimated as follows: 
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2 > '/' 



1/2 / /. \ 1/2 



+ Y ( \z''^do.U'^Z'^dpUf^\^dx\ 

- Y if ICCiet-^/^s-^f ■{t/sf\{s/t)Z^^dpu-^\''dx] 

7f+JJ=7- 

+ J2 if \is/t)Z^^do,u-/{t/sf-\CCiet-^^h'^\''dx^ 
^ (f \{s/t)Z^'do,u-/{t/s)^-\CCiet-^/^s-^+^\''dx 






The terms daV-jd/sVj^ are estimated as follows: 

Z^ {daVjdpv^.)\ dx] 
H, J 

1/2 / /• \ 1/2 

< 



^ (/ \z''^d^v-^Z''-dpv^^}\d^ + Y (f \z'''d^vjZ'^dpv-,\''dx^ 
V / \CCiet-'^^^s^\' ■ {t/sf\{s/t)Z^^d^Vj^\^dx) 

J2 if \{s/t)Z^'^do,u^\^(t/sf-\CCiet-'^'^s^\^dx\ 



< C(Cie)2s-3/2+25 < C(Cie)2s-i+^ 

One notices that -F^ is a finite linear combination of daWjdpWk, v-^daWk and v-,Vj^. By the 
estimates just proved, the last estimate on Z^ Fi is trivial. D 

Lemma 4.4. Let {wj} be regular solution of p.ip . Suppose that (|4.2p , (|4.3p and (|4.5p /loW. 
T/ien for any \I*\ < 4, 

1/2 

s 



/" |[Gf''^a„a/j,Z-f*]u;j|^rf2;j < C(Cie 



Proof. The proof is exactly the same to that of lemmaH^l The only thing one should pay attention 
to is that when |/*| =3 the decay estimates and L^ estimates on Z^ dadpV; provided by (14.51) 
and (|4.2p is not as good as in the case where |/*| < 2 which is the case in the proof of lemma W?^ 
So here one has only a decay rate as s^^^^ . D 
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4.4 Part three — Energy and decay estimates of "bad" derivatives 

In this part one will give the energy and decay estimates of "bad" second-order derivatives, which 
are the terms d^d^Z^u--. The following result is an expression oi OqOqZ^u-^ given by other "good" 
terms, which is an algebraic transform of p.ip . 

Lemma 4.5. Let {wi} be solution of (j3.ll) . then for any multi-index I the following identity holds 

(s/tf{dodoZ'u-^ + (t/sfuj^Bf°%d^Z'u.) 
= Z'F, - Z\Gf'd^,w,) + \B]^'^Uf^„ Z'\ 

(4.10) 



IU3. 



- Z'i&^^'u^^^+W^u^M^^ +B^"'uf^d^^^, 



Furthermore, there exists a universal constant C* such that when |mj| < K^^C* < 1, the following 
estimate holds 

(4.11) \{s/tydooZ'u-^\ < Cm_ax|3lj|, 

i 

where C is a universal constant 

Proof. One can write (13. ip under the following form: 

Then write the term Bi" Uj^dapu-- under one frame, by (I2.2ip . 

Du^ + Bf^'ui^d„,u^ = ^ " Gf'd„,w, + B^^'u^id^^^)dp,uj. 
Then derive it with respect to an arbitrary product Z^ : 
DZ'ui + Bf°^u^d^oZ'u. 

+ Z'F, - Z'{G^'{d^,w^ + Z'{Bl-'%{d^<^^)d,,u^ + \B]^°%d,o,Z^]u^. 

By (12221), one gets (|4T0)) . 

Consider the linear algebraic equations given by (|4.10p . 

(s/tra^oZ'u. + i^/sfBf''uf;)i^s/tfd^,Z'u^ = 51.. 

By lemma E^ and (|i3]) . 

\{t/sfBl°°''uA < CKme.x\ut\, 

' k 

where C is a universal constant. When CiC max^, |uj.| < 1/2, that is max^, |uj| < {2KC)~^, by 
basic linear algebra, one has the following estimates: 

\{s/t)'d„oZ'ui\<Cmax\3i^^\, 
■i 

where C* is also a universal constant. □ 
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Remark 4.6. In the expression of 31, the first term is a linear term while the rest are quadratic 
terms. The linear part are composed by the "good" second-order derivatives so that one can deduce 
from here a better decay of (s/t)^ dodo Z^u-^. 

Now one turns to the decay estimate of dodo Z^u. 

Lemma 4.7. Let {wi} a regular solution of (j3.1[) . Suppose that (j4.5p and (j4.2[) hold with Cie < 1. 
Then for any \J\ < 1, 

\{s/tfdodoZ-'u-\ < C{K + l)C7i£i-3/2s-i+25^ 

and 

\{s/tfZ^dodoU^\ < C{K + l)Ci£i-3/2s-i+25^ 

Proof. Take the notation of in lemma 14.51 The proof is mainly a L°° estimate of 3Jj . 

One notices that Z'^ F^ is a finite linear combination oi dwidwj, Vf.dwj and Vj^Vj. By (|4.5p . one 
easily gets 

\zJF.\<C{Cief{t-h-^+^'+t-h-'+^'+t~h^')<CK{Cieft'h~^+^'. 
Similarly, Gi'^ dapWj is a finite linear combination of Vf,dapWj and d~^Wjda^Wk. By (I4.5P 
\Z''{Gf^d„f3Wj)\ < CK{Cief{t-\s-^+^' + t-\s-^+^') < CK{Cieft-^s-^+^' . 
By lemmaim |Z"'B^"'"| < CK. Then by the last inequality of (031), one has, 

\Z^{B^P^UiMapn^\ + |^'(4"''"^^«6"3)l < CK{C,eft-^s'. 

Similarly, 

\Trff^d^,^Z^ui\ + |m"''9„ftZ^uj| < CCiet~'^/'^s-^+^ . 

One also notices that |2'"'a„($^') | < Ct-^ . Then 

\z'{B^'K,{^J>^)d,,u^\ < CKC,et-'s'. 

Similarly, 

\m°"Hd,,<!>^^')d(3'Z-'u-^\ < CCiet-^/^s-\ 

Now one will consider the term [B_~ u^.,Z'-']u:-. In general one has the following decomposi- 
tion, 

[B^°%Z^]u.= Y: Z^'{Bf''u^Z^^d,,u, + Bf'%ld,,,Z^]r 



\u. 



J2l<|JHl 



By (|i3|) and lemma HH 

^ Z^^{^^'f^u^)Z^^d^,u^<{Ksh^^)-{CC,et-^'^s)- ^ \d^pZ'\ 

Jl + J2 = J fc 

./2l<l'^|-l \J'\<\J\-l 

Similarly by (j2.17p the second term can by bounded as follows 

|Bf°'«fe[9oo,^^]"j| < {Ksh-^) ■ {CCiet-^'^s) ■ ^ \do.pZ'' Uf\ 

k 
|J'|<|J|-1 

Notice that in the cone A' 

(4.12) \do.pU'^<Y,\d^pUi\, 
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by (|4.5p . one has 

I [Bf "'"fc> Z'\Uj I < CK{C^e)H-^'^s-^+^' + CXCiet-i/2 • (s/i)^ ^ \dj,oZ'u^ \ . 

|j|<i-fi-i 
One concludes by 

\{s|tf^J^oZ'u■^^ < C{K + l)Ci£i-3/2g-i+25 _^ c'i^c'^ei-i/2 . (5/^)2 ^ jaoo^-^u^l, 

j|<i-fi-i 

when \J\ =0, the last term in right-hand-side disappears. Then by induction, the first inequality 
is proved. 

For the second inequality, one observes that it is a trivial result of the first inequality, (|4.12l) 
and (PTfl) . D 

At the end of this section, one will give the L^ estimates of the "bad" derivatives. 

Lemma 4.8. Let {wi} be solution of (j3.ll) and suppose that (j4.2p . (14. 5|) hold. Then for any 
|/| < 2 the following estimates hold with Ci£ < 1. 

(f \sh-^daoZ'u'^\^dx\ <C{K + l)Cie, 

for any |/*| < 3 

( / \sh-'^dooZ^\i\^dx] <CiK + l)Cies^. 

Proof. Similar to that of lemma HT71 the proof is mainly a L^ estimate of !Kj. Lemma HTTI (lemma 
14. 3p gives the L^ estimate of Z' F^ (respectively Z^ Fi )■ 
Gi'^ dadfjWj can be decomposed as follows: 

Gi"'^ dadpWj = Ai°'^'^^ d^Uf,dad(3U-- + Ai"^'^'' d^Vf,dad(jUj + Bi°'^''vj.dad(3U- + Gi^'^dadpvj. 

The last three terms are finite linear combinations of v-AdadpWj, daWjdpdjV-^ and daV-^d/^d-yWj. 
When |/*| <3, 



1/2 

\Z^' (v-dadpWj)]'' ) 



1/2 / /. \ 1/2 



V f/ \z''^v-z'^d^dpw,)A +( f \z'\jdadpw 

(4 13) i^ii^= ^-^^^ ^ ^-^"^ 

1 /'^ 

<CKCies-^/^+^( f \{s/t)Z'idadf,Wj\A +CKCies-'"^+^( j \z''v 

< CK{Ciefs-^'^. 
Similarly, 

(j \Z^' {dc,Wjdpd^v-j)\^\ +([ \z''{da,vjdpd^Wj)\''dx) < Cif (Cie)2s-3/2. 
Of course, when |/| < 2, 

( / \z\v'^dadi3d.yWj)\ dxj +( / \Z^{daVjdi3Wj)\ dx\ 

+ f / \Z'{do.Wjdpd^vj)fdx] < C(Cie)2s-'V2+25^ 
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The term Ai" d-^u^dadpu:- can be written under one-frame: 

Recall that for any multi-index J, \Z^d^<^^p'\ < C{J)r^ and \Z-^ M^^''^\ < C{J)K. One has for 

|r|<3, 

Take the null conditions p.2p into consideration, for any multi-index /, 

l^/^jooofc^l <c{I){s/tf. 



Then 

tI I Ajap-yk 



Z'{^'''d.,u^d^d,u^ 



i/3M 



^/3M 



k,j k,j .a^/S,-^ 

11 + 12 + 1^ = 1 Ii+l2+l3 = I 

+ CK E \z''d,H\\z''d<.dp^]\+CK E l^'^^T^fcll^'^^a^b 

k,j^a.,l3.c k ,j ,cx ,b ,'y 

=: Afo + Mi-|-M2 + M3. 
By the same argument of (|4.14p . one has 

1/2 



fc=0 

and 



Vf/ |A4|'da;) < C(Cie)2s-3/2+2*, when|/| < 2, 



3 / » N 1/2 



E(/ |Mfe|^dxj < C(Ci£)2s-i+'', when|/|<3. 



fc=0 

So one concludes by 

1/2 



I \Z^'{G'^^do,fiW,)'^d^ <KC{Ciefs-^+^, for|r| < 3 



and 

1/2 



/ \z'{Gf^d^pWj)fdx] <KC{Ciefs-'"^+^\ for|/| < 2. 
Recall that |Z'^9„$^'| < Ct-'^ and \Z^ Bi^'^''\ < K. One has for |/*| < 3. 
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Similarly, for |/*| < 3, 

(f \Tn'''-\d,,^"fi)d^'Z''u.\''dx\ <CCies-^+' 

and for |/| < 2 

( f \Ef'\d^^^j)d,3'Z'ui\''dx^ <CCies~\ 

Now one turns to the term [Bi. u^,d^fj, Z^]u:-. Recall the following decomposition 

(4.14) \B^''uf^,Z'\a.^ J2 Z'^{B^''uf:)Z'^d,,u^+m°°'u^\d,o,Z^]z 



l«- 



Il+l2 = I 

^2l<l-f|-l 



Notice that 



Q./3 c,p 

|./|<l-f|-i |J|<l-r|-i 



' '-' ' |,7|<|/|--1 



"i-l 



The first term in right-hand-side of (|4.14[) is estimated as follows: when |/| < 3, 

1/2 



y: (f \z'^{BfKf:}z'^^,,u^\'d^ 

<|J|-1 

^ T. if KiB^''u^d,,Z'^u.\'dS'' 

-1 

E (/ \z'^{B(^''u^da,Z^^u.\'d. 

+ To = f \ -^ ff s 



Il+l2 = I 

-f-jl<l-fl-l 



Il+l2 = I 

J2l<l-r|-i,a.3 

For the first term: 

1/2 



^2l<l-f|-l 



1/2 



E {J^ \z'^{BfKi^d,,Z^^u.\'d. 

<i-f|-i 

^ T. + T. (f \z'^{Bf''u^d,oZ'^u^fdS'' 

Ull = l U2l<l 

- E ( / \CKCiet-^/^ ■ s{s/t)^dooZ^^u.\^dx\ 

'l+'2=I ^•'^s / 

jM-ril = i 

+ E (/ \CKC,et-^/^s-^+^'z'^uj^\^dx\ 

Il+l2=I ^•'^a ^ 

fc.|-f2l<l 



1/2 



|j|<i-fi-i 
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The second term in right-had-side of (|4.14p is estimated as follows: when |/| < 3 

1/2 



1/2 / ^ \ 1/2 



"'-•i^dx 



1/2 



1/2 



<CKCie J2 ([ t^^\sdapZ\-.fdx] +CKCies-^/^ J2 ([ |s^*"^^oo^ 

a,PJ s k ^ 

JlSI-fl-l |./|<l-f|-l 

\-'\<\i\ |./|<l-r|-i 

•/i<i-fi-i 
To estimate the only linear terms, 

mt%,iZ'u'^ + mt''d^oZ'u.+nf''doaZ'ui 

one notice that they are "good derivatives". By using directly the last inequality of (|4.5p . one has 
when |/| < 2, 

( / \rril''^d^pZ'ui\^dx\ < CCies^K 

When |/*| <3, 

( / \rrf^d^pZ^'u^\^dx\ <CCies~^+\ 

So finally one gets, when |/| < 2 

1/2 






S't OjqqZ u~A dx 



< m_ax||3?~-||i2(^^) 



<CK{Ciefs-^^^+^^ + CCies-^ + CKCies-^^^ J2 ([ Is^t'^doo^kl^dx 



|j|<l-f|-i 



1/2 



By induction, one gets the desired result. The case where |/*| < 3 can be proved similarly, one 
omits the details. D 

4.5 Part four — Estimates of other source terms 

Lemma 4.9. Let {wt} be regular solution of p.ip . Suppose that (|4.2p and (j4.5p . then for any 
|/*| < 4, the following estimate holds: 

ft \ ^/^ 

For any |/| < 3 the following estimate holds: 
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Proof. By definition, 



The first component is controlled by lemma W^ The second term is estimated similarly. First one 
rewrite it under one-frame. 



s/3'^ 



(4.15) [Br^'uf^d^^d,, Z^ ]«j = Wr^'^-.d^d,, Z^ ]«. + [B^rukid^n )^^" ^ ]"i 

One recalls that 

\z'dc,<^i\ <Ct-\ 

With this additional decay, as in the proof of lemma 14.21 the L^ norm of the second term in 
right-hand-side of (|4T5)) on Hs is bounded by C{Cie)'^s~^/'^+^ . 

One notices that Bf" '£,a^i3 is a null form so following the lemma ET51 one has 

\Z'Bi°°''\ <C{I){s/tf, 

Then exactly as in the proof of lemma 14.21 and take the estimates given by lemma 14.71 and lemma 
14.81 into consideration, the L^ norm of the first term in right-hand-side of (j4.15[) on Hg is bounded 
by C(Ci£)2s-3/2+*. 

The proof of the second estimate is the same. One omits the details. D 

Lemma 4.10. Suppose (|4.5p and (|4.2p hold, then for any \I*\ < 4 the following estimates is true: 



(4.16) 



^ , {d,,Gr'')dtZ''w,dpZ''w, - UdtGr^)d^Z''w,d^Z''wj)dx 
ff , * V ^ / 

<CC\es'^+^E^is,Z''w.,Y/\ 



Proof. The proof is mainly a substitution of (|4.5p and (|4.2p . One writes the estimate of 

{s/t){d,,Gl"^)dtZ^' w.ddZ'' wjdx 

in detail and omits the rest part. First one notices that 

\d^Gr^\ < Cj2\do.w,\ + Cj2\dc.dpw,\ < C{C,eft-^'\s-^ 

3 3,0 

Substitute this into the expression, 

(s/t){daGf")dtZ'' w.d^Z'' wjdx 

{{t/s)daGi"'^){s/t)dtZ^' Wi{s/t)dpZ^' wjdx 

< V / CiCie)t^^^s-^\is/t)dtZ'' w^{s/t)dpZ'' wj\dx 

<CiCiefs'^y] [ \{s/t)dtZ^''w,{s/t)di3Z^^Wj\dx 

■ 1 / \{s/t)dtZ^ Wi\ dx 

1/2 



< 



j,P 



< C{Ciefs-^Y.( f \{s/t)d0Z^'wj\^dx 



hP 



1/2 



<C{Cief3-^+^( I \{3/t)dtZ^''w,\^dx 
<C{G^efs-^+'E,,,{s,Z''w^f'\ 



□ 
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Lemma 4.11. Suppose (|4.5p and (j4.2p hold, then for any \I\ < 3 the following estimates is true: 

<CC^es-^'^+^'E,,,[s,Z''u~^^'\ 
Proof. Again one will only write the estimate on {^daGi" ) dtZ^ u-^dpZ^ Wj in detail. By definition, 

(4.18) {d,,Gl"^)dtZ'uidpZ'wj = {dM"'')dtZ'u.d0Z'v- + {d,,Gi"^)dtZ'u.dijZ'u.. 
The second term in right-hand-side is decomposed again as follows: 

(4.19) {d^Gl"^)dtZ'u-^d„Z'uj =9„ (Af^^d^vj^ + W^^Kf^dtZ'u^^Z'u^ 

+9„(Af ''^a,Mj + Bh'''''uf;)dtZ'uidiiZ'uy 



The estimates of the first term in right-hand-side of (j4.18p and the first term in right-hand-side 
of (J4.19I) is simpler. 



< 



Hs 



H, 



{s/t){d^Gf'')dtZ'uid,Z'vjdx 
GKCiet-^/^s-\s/t)dtZ^u.d^Z'vjdx 

1/2 



OrZ v:;\ dx 



1/2 



< GKGies^^/^Y^ ( I \{s/t)dtZ'u{\^dx 

< CK{Cie)^s-^/^+^'( f \is/t)dtZ'ui\^dx) 

(s/i)5„(4"'^^a^Vfe + BV^'^'^Vf)dtZ^uid^Z^u.dx 
< ^ I /" XCCi£i"3/2+2'^(i/s) • is/t)dtZ^u.is/t)dpZ^u-^dx 

-J2 [ KCGiet-^/^+^^s-^ ■ \{s/t)dtZ^u.is/t)dpZ^u.\dx 



1/2 



Hs 



13,3 



< G{Cie)^s-^/^+^'f I \{s/t)dtZ'u-^^dx 
<C(Cie)2s-3/2+2^'i?™(s,Z^u.)i/2. 



1/2 



To estimate the last term of (|4.19p . one needs the null condition p.2p . First, one writes this 
term under one-frame: 



(4.20) 



9„(Af -^^a^u^ + Br^^*'uf)dtZ'u^di,z'u'^ 



Taking into account the fact that |5..y($^ $0 ) | < Ct ^ as in the proof of lemma l4?2l one can 
easily proof that 



Hs 



{s/t)d^,{<^'^4>^){A^'%Uf^ + m;'^''u^d,Z'uid,,Z'u^dx 



<G{C,efs-''^Em{s,Z\-^^/\ 
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Now the most difficult term, the first term in right-hand-side of (|4.20p will be considered. 



jap-yk 



d^.u,+R 



jafik 



f)-dtz'nd^z 



+ ao{m°''^uj^a,z'u^dtu^-dtZ'ui 

:= d^{M°""%Uf^d^Z'uj +Bf°'u^d^Z'u^dtu{) ■ d,Z\:^ + ^ • dtZU^^. 

Notice that ,yV is a linear combination of 

Tdadpu^d^Z^ u-^dtuy TdadbUid^Z^w^dtUy TdadpuidcZ^ u--dtuy Vdpuidad^Z^ w-dtuy 
TdadpuidjZ^u~-dtu^,, TdadbUidjZ^ u-,dtu^ and Vdadpu-^dcZ^ u--dtuj^ with V a function bounded by 
CK. By (|i3|) and (|i3| . one sees easily that 



{s/t).yV ■ dtZ^u-^dx 



Hs 



<C{C^srs-^/'+''E,^is,Z'u.y/'. 



Taking into account the null condition p.2p . one has by lemma \TM 



\Ai' 



Then by lemma 14.71 and lemma 14.81 one can show that 

{s/i)d^{^°°%Ui^d„Z'u^+B^'^Uf^d^Z'u^dtu{)-dtZ'ui 



Hs 



<CiC\srs-'/^+'E^is,Z'u.y/' 



So finally the desired result is proved. 



D 



4.6 Last Part — Bootstrap argument 

First one verifies (|2.6p by the following lemma: 

Lemma 4.12. Suppose (j4.5p holds with KCiS small enough. Then following estimate holds 

J2Eg{s,Z'wi) <3Y,Em{s,Z'w,). 



Proof. One notice that 



^ \Gr^\<CKY,{\dw, 



Then by simple calculation 
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y^ \EG{s,Wi) - Ejn{s,Wi)\ 

i 

2/ {dtw^df}WjGl°''^)-{l,-x°'/t)dx~ f {dc,w,dpWjGi"^)dx 

<^f [Y. \Gr'\) ■ {Y.\dc.wAdx 

<2CK f ^(|au;,| + |m,|)- [^ la^zwfcp'jdx 

= 2Ci^Ci£ / (il/25-2+A-_^ ^3/2^-3,^^1/2^-1) . ( X^l^s /t)d^Wk\A dx 

<CKCieY,Err.is,w,). 

i 

Here one takes CKCie < 2/3 with C a universal constant, then the lemma is proved. D 

With all those preparations above, one is now ready to prove the main theorem. 

Proof of theorem \3.1l Suppose that {wi} is the unique regular local-in-time solution of p.ip . Let 
Ci, e be positive constants. Suppose that [B + 1,T*] is the largest interval containing _B + 1 on 
which (|4.ip holds for any B + 1 < s <T* . As one discussed in section 4.1, there always exists an 
e' such that, when E^{B + 1, Z^'w-j)^/'^ < e', Eg{B + 1, Z^'iVj)'^/'^ < (l/4)Cie. So by continuity 
T* > when e' sufficiently small. 

Also, if T* < +00, then when s = T*, at lest one of the three inequalities of (|4.ip will be 
replaced by a equality. That is as least on of the following equations holds: 

Era{T* , Z'\-^y/^ ^ Cies\ for j + 1 < j < m. < |r | < 4, 
(4.21) ^„,(^^Z^*^i.)l/2=Cl£s^ for 1 < z < jo, |r|=4, 

E^{T\Z'u{)^'^=Cie, for I <l < jo, |/| < 3. 

One derives the equation (j3.ip with respect to Z^ with |/*| < 4: 

nz^'w, + Gi'"'do,dpZ''wj + Dfw, = [Gl'"'dadp,Z'']wj + Z'' F,. 
By energy lemma [Z2l and lemma 14.121 using the notation of lemma [2?2l when |/*| < 4, 

By lemma 1131 and 14.41 

^ L,(s) + M{s) < C{Ciefs-^+^ 

i 

with C a universal constant. Then 

/ \ 1/2 

^ i ' 

When e < 3^, 

\ 1/2 
J2Ern{s,Z''wi)] <il/2)Gies', 



28 



which leads to 

Em{s,Z''w,)<{l/2)Cies^. 

Similarly, one derives [01 with respect to Z^ with |/| < 3: 

nz'ui + Gf"do,pWj = [Gf"do,dp,Z']wj + Z'Fi. 
Also by lemma ?I?R 

\ 1/2 / N 1/2 .s 

Y,E^{s,Z'w,)\ <[y^E„,{B + l,Z'w,)\ + V3^L,(T)+V3H;;Af(T)dT. 

By lemma 14.11 lemma 14.91 and lemma 14.111 

^ L,{s) + M{s) < C(Cie)2s-3/2+5. 

i 

When£<^i^, 

Emis,Z'w,y^^ < {l/2)Cie. 

When taking e < min { jq^ — , icTcf } ^ ' ^'-'^ '-'^ ^^'^ equality of (|4.21l) holds. This contradiction 
leads to the desired result. D 

A Local existence for small initial data 

One will establish the following local-in-time existence result for small initial data. The interest is 
to control the energy on hyperboloid Hb+i by the energy on plan {i = 0}. Consider the Cauchy 
problem in IR"+^: 

j gf'^{w,dw)daj3Wi + Dfwi = Fi{w,dw), 

I WiiB + l,x) = e'wiQ, dtWi{B + l,x) = e'lVi^. 

Here 

g,iw, dw) = m"^ + Af^'^d^Wj + B^'^^Wj, 

Fi{w, dw) = P"'^^''daWjdisWk + Qf^'^daWjWk + R(''wjWk- 
These ^"'''^^B"'3j,i3"/3ife^gajfe^^jfc ^^g constants. {wio,Wii) e H'+^ x H' functions and sup- 
ported on the disc {|a;| < B}. In general the following local- in-time existence holds 

Theorem A.l. For any integer s > 2p(n) — I, there exists a time interval [0, T(e')] on which the 
cauchy problem (jA.ip has an unique solution in sense of distribution Wi{t,x). Further more 

w,{t, x) e C([0, T{e%H^+') n C\% T{e%H^), 

and when e' sufficiently small, 

T{e') > C'iAe')-^^^ 

where A is a constant depending only on WiQ and wn. Let Eg{T,Wi) be the hyperbolic energy 
defined in the section 2.2. For any s,Ci > 0, there exists an e' such that 

Y,Eg{B^\,w,)<C^e. 



^Also, taking C\e < 1 small enough such that Icmma R.SI and lemma l4. 121 hold. 
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Proof. The proof is just a classical iteration procedure. One will not give the details but the key 
steps. One defines the standard energy associated to a curved metric g 



One takes the following iteration procedure: 

f gf{w\dw'')do,pw':+' = F{w\dw''), 

and take w^ as the solution of the following linear Cauchy problem: 

f aw., = 0, 

I Wi{0,x) ^e'wtQ, dtWi{0,x) ^e'wu. 



Suppose that for any |/| < 2p(n) — 1 
(A.3) 



e'A>e-E;iB + l,d^w'^y^^, 



e'A>E*(t,d^w'yf'^. 



Taking the size of the support of the solution w^it, •) into consideration, by Sobolev's inequality, 
for any \J\ < p{n) — 1, 

(A.4) \d-^w'^\{t,x)<Cit + B + l)e'A. 

Now one wants to get the energy estimate on d^w^^^^. By the same method used in [6], one gets 

E*g{t, d^w^+^Y'^ < Eg{t, a^wf+i) exp (cAe' f {t + B + l)dr 

< e-^e'Aexp (cAe' f {t + B + l)dr J 

When 

VCAe' <{B + 1)-^ 

and 

t<\{CAer"\ 

one gets that 

El{t,d'w'y+^Y'^<e'A. 

Then by an standard method presented in the proof of theorem ... of [B], 

lim Wj' = Wi 

k—^oo 

is the unique solution of jXT]), and w^ € C{[0,T{e')],H''+'^)r\C^[0,T{e')],H''). Here one can take 

r(e') = C(Ae)-i/2 

To estimate Eg{B + 1, Z^Wi), one takes dtWi as the multiplier and by the standard procedure 
of energy estimate, 

Eg{B + 1, Z^w^) - E*{B + 1, Z^Wi) = / {Z^F,{w, dw)dtw^ ~ [Z^ , g''^da.p]w^ ■ dtw,)dx 

JV{B) 

I dag°''^dtWidi3Wi - -dtg°'^daWid,3Wi ]dx, 
V{B) \ ^ J 
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where V{B) := {(i, x) : t > B + l,t^ - \x\'^ < B + 1} n A'. When Ae' < {B + 1)-^, thanks to (TOl) 
and (jA.31) . the right hand side can be controlled by CAe' . Then one gets 

Eg{B + l,Z'w,) < CAe'. 
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